Reproducing kernel Hilbert spaces (RKHSs) play an important role in many statistics and machine learning applications ranging from support vector machines to Gaussian processes and kernel embeddings of distributions. Operators acting on such spaces are, for instance, required to embed conditional probability distributions in order to implement the kernel Bayes rule and build sequential data models. It was recently shown that transfer operators such as the Perron-Frobenius or Koopman operator can also be approximated in a similar fashion using covariance and cross-covariance operators and that eigenfunctions of these operators can be obtained by solving associated matrix eigenvalue problems. The goal of this paper is to provide a solid functional analytic foundation for the eigenvalue decomposition of RKHS operators and to extend the approach to the singular value decomposition. The results are illustrated with simple guiding examples.
Introduction
A majority of the characterizing properties of a linear map such as range, null space, condition, and different operator norms can be obtained by computing the singular value decomposition (SVD) of the associated matrix representation. Furthermore, it is used to optimally approximate matrices under rank constraints, solve least squares problems, or to directly compute the Moore-Penrose pseudoinverse. Applications range from solving systems of linear equations and optimization problems to signal and image processing and to a variety of other methods in statistics and machine learning such as principal component analysis [1] , canonical correlation analysis [2] , latent semantic analysis [3] , and the estimation of hidden Markov models [4] .
Although the matrix SVD can be extended in a natural way to compact operators on Hilbert spaces [5] , this infinite-dimensional generalization is not as multifaceted as the finite-dimensional case in terms of numerical applications. This is mainly due to the complicated numerical representation of infinite-dimensional operators and the resulting problems concerning the computation of their SVD. As a remedy, one usually considers finite-rank operators based on finite-dimensional subspaces given by a set of fixed basis elements. The SVD of such finite-rank operators will be the main focus of this paper. We will combine the theory of the SVD of finite-rank operators with the concept of reproducing kernel Hilbert spaces, a special class of Hilbert spaces allowing for a high-dimensional representation of the abstract mathematical notion of "data" in a feature space. A significant part of the theory of RKHSs was originally developed in a functional analytic setting [6] and made its way into pattern recognition [7] , statistics [8] , and machine learning [9, 10, 11] . RKHSs are often used to derive nonlinear extensions of linear methods by embedding observations into a high-dimensional feature space and rewriting the method in terms of the inner product of the RKHS. This strategy is known as the kernel trick. The approach of embedding a countable number of observations can be generalized to the embedding of probability distributions associated with random variables into the RKHS [12] . The theory of the resulting kernel mean embeddings (see [13] for a comprehensive review) spawned more abstract probabilistic approaches to problems in statistics and machine learning. Recent advances show that data-driven methods in various fields such as transfer operator theory, time series analysis, and image and text processing naturally give rise to finite-rank RKHS operators [14, 15] .
So far, the eigenvalues and eigenfunctions of transfer operators pertaining to high-dimensional time series data stemming from molecular dynamics or fluid dynamics simulations were considered [15] . Applications include the identification of the slowest relaxation processes of dynamical systems, e.g., conformational changes of complex molecules or slowly evolving coherent patterns in fluid flows, but also dimensionality reduction and blind source separation. The eigendecomposition, however, is beneficial only in the case where the underlying system is ergodic with respect to some density. If this is not the case, however, i.e., the stochastic process is time-inhomogeneous, eigendecompositions can be replaced by singular value decompositions in order to obtain similar information about the global dynamics [16] . Moreover, outside of the context of stochastic processes, the conditional mean embedding has been shown to be the solution of certain vector-valued regression problems [17] . When the used output kernel is also a probability density, the conditional mean embedding can also be seen as the approximation of the conditional output density given the input. Contrary to the transfer operator setting, input and output space can differ fundamentally (e.g., the input space could be text) and the constraint that the RKHS for input and output space must be identical is too restrictive. The SVD of RKHS operators does not require this assumption and is hence a more general analysis tool applicable to operators that solve regression problems and to transfer operators associated with more general stochastic processes.
In this paper, we will combine the functional analytic background of the Hilbert space operator SVD and the theory of RKHSs to develop a self-contained and rigorous mathematical framework for the SVD of finite-rank operators acting on RKHSs and show that the SVD of such operators can be computed numerically by solving an auxiliary matrix eigenvalue problem. The results will be illustrated with the aid of simple guiding examples. The remainder of the paper is structured as follows: Section 2 briefly recapitulates the theory of compact operators. In Section 3, RKHS operators and their eigendecompositions and singular value decompositions will be described. Potential applications are discussed in Section 4, followed by a brief conclusion and a delineation of open problems in Section 5.
Preliminaries
In what follows, let H be a real Hilbert space, ·, · H its inner product, and · H the induced norm. For a Hilbert space H, we call a set {h i } i∈I ⊆ H with an index set I an orthonormal system if h i , h j H = δ ij for all i, j ∈ I. If additionally span{h i } i∈I is dense in H, then we call {h i } i∈I a complete orthonormal system. If H is separable, then the index set I of every complete orthonormal system of H is countable. Given a complete orthonormal system, every x ∈ H can be expressed by the series expansion x = i∈I h i , x H h i . Definition 2.1. Given two Hilbert spaces H and F and nonzero elements x ∈ H and y ∈ F , we define the tensor product operator y ⊗ x : H → F by (y ⊗ x) h = x, h H y.
Note that tensor product operators are bounded linear operators. Boundedness follows from the Cauchy-Schwarz inequality on H. We define E := span{y ⊗ x | x ∈ H, y ∈ F } and call the completion of E with respect to the inner product
the tensor product of the spaces F and H, denoted by F ⊗ H. It follows that F ⊗ H is again a Hilbert space. It is well known that, given a self-adjoint compact operator A : H → H, there exists an eigendecomposition of the form
where I is either a finite or countably infinite ordered index set, {e i } i∈I ⊆ H an orthonormal system, and {λ i } i∈I ⊆ R \ {0} the set of eigenvalues. If the index set I is not finite, then the resulting sequence (λ i ) i∈I is a zero sequence. Similarly, given a compact bounded operator A : H → F , there exists a singular value decomposition given by
where I is again an either finite or countably infinite ordered index set, {v i } i∈I ⊆ H and {u i } i∈I ⊆ F two orthonormal systems, and {σ i } i∈I ⊆ R >0 the set of singular values. As for the eigendecomposition, the sequence (σ i ) i∈I is a zero sequence if I is not finite. Without loss of generality, we assume the singular values of compact operators to be ordered in nonincreasing order, i.e., σ i ≥ σ i+1 . We additionally write σ i (A) for the ith singular value of a compact operator A if we want to emphasize to which operator we refer. The following result shows the connection of the eigendecomposition and the SVD of compact operators. Lemma 2.2. Let A : H → F be compact and let {λ i } i∈I denote the set of nonzero eigenvalues of A * A counted with their multiplicities and {v i } i∈I the corresponding normalized eigenfunctions of A * A, then, for
A bounded operator A : H → F is said to be r-dimensional if rank(A) = r. If r < ∞, we say that A is finite-rank. Theorem 2.3 (see [18] ). Let H and F be two Hilbert spaces and A : H → F a linear operator. The operator A is finite-rank with rank(A) = r if and only if there exist linearly independent sets {h i } 1≤i≤r ⊆ H and
The class of finite-rank operators is a dense subset of the class of the compact operators with respect to the operator norm.
Definition 2.4. Let H and F be Hilbert spaces and {h i } i∈I ⊆ H be a complete orthonormal system. An operator A : H → F is called a Hilbert-Schmidt operator if i∈I A h i 2 F < ∞. The space of Hilbert-Schmidt operators from H to F is itself a Hilbert space with the inner product A, B HS := i∈I A h i , B h i F . Furthermore, it is isomorphic to the tensor product space F ⊗ H. The space of finite-rank operators is a dense subset of the HilbertSchmidt operators with respect to the Hilbert-Schmidt norm. Furthermore, every HilbertSchmidt operator is compact and therefore admits an SVD.
Remark 2.5. Based on the definitions of the operator norm and the Hilbert-Schmidt norm, we have A = σ 1 (A) for any compact operator and A HS = i∈I σ i (A) 2 1/2 for any Hilbert-Schmidt operator.
Applications include the identification of the slowest relaxation processes of dynamical systems, e.g., conformational changes of complex molecules or slowly evolving coherent patterns in fluid flows, but also dimensionality reduction and blind source separation. We will now derive an alternative characterization of the SVD of compact operators by generalizing a classical block-matrix decomposition approach to compact operators. For the matrix version of this result, we refer the reader to [19] . For two Hilbert spaces H and F , we define the external direct sum F ⊕ H as the Hilbert space of tuples of the form (f, h), where h ∈ H and f ∈ F , with the inner product
is compact and self-adjoint with respect to ·, · ⊕ . By interpreting the elements of F ⊕ H as column vectors and generalizing algebraic matrix operations, we may rewrite the action of the operator T on (f, h) in a block operator notation as
We remark that the block operator notation should be applied with caution since vector space operations amongst h ∈ H and f ∈ F in terms of the matrix multiplication are only defined if F ⊕ H is an internal direct sum.
Lemma 2.6. Let A : H → F be a compact operator and T : F ⊕ H → F ⊕ H be the block-operator given by (1) . If A admits the SVD
then T admits the eigendecomposition
A proof of this lemma can be found in Appendix A.
Corollary 2.7. Let A : H → F be a compact operator. If σ > 0 is an eigenvalue of the block-operator T : F ⊕ H → F ⊕ H given by (1) with the corresponding eigenvector (u, v) ∈ F ⊗ H, then σ is a singular value of A with the corresponding left and right singular vectors u
Decompositions of RKHS operators
We will first introduce a special class of Hilbert spaces, namely reproducing kernel Hilbert spaces, and then consider empirical operators defined on such spaces. The main results of this section are the eigendecomposition and singular value decomposition of empirical RKHS operators in Proposition 3.4 and Proposition 3.9, respectively. The notation is adopted from [13, 15] and summarized in Table 1 .
RKHS
The following definitions are based on [20, 21] . In order to distinguish reproducing kernel Hilbert spaces from standard Hilbert spaces, we will use script style letters for the latter, i.e., H and F . 
Definition 3.1 (Reproducing kernel Hilbert space, [21] ). Let X be a set and H a space of functions f : X → R. Then H is called a reproducing kernel Hilbert space (RKHS) with corresponding inner product ·, · H if a function k : X × X → R exists such that
The function k is called reproducing kernel and the first property the reproducing property. It follows in particular that k(x, x ) = k(x, ·), k(x , ·) H . The canonical feature map φ : X → H is given by φ(x) := k(x, ·). Thus, we obtain k(x, x ) = φ(x), φ(x ) H . It was shown that an RKHS has a unique symmetric and positive definite kernel with the reproducing property and, conversely, that a symmetric positive definite kernel k induces a unique RKHS with k as its reproducing kernel [6] . We will refer to the set X as the corresponding observation space.
RKHS operators
Finite-rank operators can be defined by a finite number of fixed basis elements in the corresponding RKHSs. In practice, finite-rank RKHS operators are usually estimates of infinite-dimensional operators based on a set of empirical observations. We later refer to this special type of finite-rank operator as empirical RKHS operator although the concepts in this section are more general and do not need the assumption of the data in the observation space being given by random events.
Let H and F denote RKHSs based on the observation spaces X and Y, respectively. Given x 1 , . . . , x m ∈ X and y 1 , . . . , y n ∈ Y, we call
their associated feature matrices. Note that feature matrices are technically not matrices but row vectors in H m and F n , respectively. Since the embedded observations in the form of φ(x i ) ∈ H and ψ(y j ) ∈ F can themselves be interpreted as (possibly infinitedimensional) vectors, the term feature matrix is used. In what follows, we assume that feature matrices contain linearly independent elements. This is, for example, the case if k(·, ·) is a radial basis kernel and the observations x 1 , . . . , x m ∈ X consist of pairwise distinct elements. Given the feature matrices Φ and Ψ, we can define the corresponding Gram matrices by
We will now analyze operators S : H → F of the form S = ΨBΦ , where B ∈ R n×m . Given v ∈ H , we obtain
We will refer to operators S of this form as empirical RKHS operators. Examples of such operators are described in Section 4. (i) S is a finite-rank operator. In particular, rank(S) = rank(B).
(ii) S * = ΦB Ψ . 
Proof. The linearity of S follows directly from the linearity of the inner product in H . We now show that properties (i)-(iii) can directly be obtained from Theorem 2.3. Using B = W ΣZ , we can write S = (ΨW )Σ(Z Φ ) and obtain
Since the elements in Φ and Ψ are linearly independent, we see that ΦZ and ΨW are also feature matrices containing the linearly independent elements Φ z i ∈ H and Ψw i ∈ F as stated in Remark 3.2. Therefore, (4) satisfies the assumptions in Theorem 2.3 if we choose {Φz i } 1≤i≤r ⊆ H and {σ i Ψw i } 1≤i≤r ⊆ F to be the required linearly independent sets. Theorem 2.3 directly yields all the desired statements.
Note that the characterization (4) is in general not a singular value decomposition of S since the given basis elements in ΦZ and ΨW are not necessarily orthonormal systems in H and F , respectively.
Eigendecomposition
The eigendecomposition of RKHS operators was first considered in [15] . For the sake of completeness, we will briefly recapitulate the main result and derive additional properties. For the eigendecomposition, we require the operator to be a mapping from H to itself. For this section, we define a new feature matrix by Υ = [φ(x 1 ), . . . , φ(x m )]. Note that the sizes of Φ and Υ have to be identical. Υw ∈ H is an eigenfunction of S corresponding to λ.
(ii) Conversely, if λ = 0 is an eigenvalue of S corresponding to the eigenfunction v ∈ H , then BΦ v ∈ R m is an eigenvector of BΦ Υ ∈ R m×m corresponding to the eigenvalue λ.
In particular, the operator S and the matrix BΦ Υ share the same nonzero eigenvalues.
Proof. For the sake of completeness, we briefly reproduce the gist of the proof.
(i) Let w ∈ R m be an eigenvector of the matrix BΦ Υ corresponding to the eigenvalue λ. Using the associativity of feature matrix multiplication and kernel evaluation, we have
Furthermore, since w = 0 ∈ R m and the elements in Υ are linearly independent, we have Υw = 0 ∈ H . Therefore, Υw is an eigenfunction of S corresponding to λ.
(ii) Let v be an eigenfunction of S associated with the eigenvalue λ = 0. By assumption, we then have ΥBΦ v = λv.
By "multiplying" both sides from the left with BΦ and using the associativity of the feature matrix notation, we obtain
Furthermore, BΦ v cannot be the zero vector in R m as we would have Υ(BΦ v) = Sv = 0 = λv otherwise since λ was assumed to be a nonzero eigenvalue. Therefore, BΦ v is an eigenvector of the matrix BΦ Υ.
Remark 3.5. Eigenfunctions of empirical RKHS operators may be expressed as a linear combination of elements contained in the feature matrices. However, there exist other formulations of this result [15] . We can, for instance, define the alternative auxiliary problem Φ ΥBw = λw.
For eigenvalues λ and eigenvectors w ∈ R m satisfying this equation, we see that ΥBv ∈ H is an eigenfunction of S. Conversely, for eigenvalues λ = 0 and eigenfunctions v ∈ H of S, the auxiliary matrix has the eigenvector Φ v ∈ R m . 
are given by where c 1 , . . . , c 6 are normalization constants so that e i µ = 1. Defining φ = [φ 1 , . . . , φ 6 ] , with φ i = √ λ i e i , we thus obtain the Mercer feature space representation of the kernel, i.e., k(x, x ) = φ(x), φ(x ) . Here, ·, · denotes the standard inner product in R 6 . For f ∈ H , it holds that E k f = C XX f , where C XX is the covariance operator. 1 We now compute eigenfunctions of its empirical estimate C XX with the aid of the methods described above. That is, B = 1 m I m . Drawing m = 5000 test points from the uniform distribution on X, we obtain the eigenvalues and (properly normalized) eigenfunctions shown in Figure 1 . The eigenfunctions are virtually indistinguishable from the analytically computed ones. Note that the eigenspace corresponding to the eigenvalues λ 3 and λ 4 is only determined up to basis rotations. The eigenvalues λ i for i > 6 are numerically zero. While we need the assumption that the eigenvalue λ of S is nonzero to infer the eigenvector of the auxiliary matrix from the eigenfunction from S, this assumption is not needed the other way around. This has the simple explanation that a rank deficiency of B always introduces a rank deficiency to S = ΥBΦ . On the other hand, if H is infinite-dimensional, S as a finite-rank operator always has a natural rank deficiency, even when B has full rank. In this case, S has the eigenvalue 0 while B does not.
In order to use Proposition 3.4 as a consistent tool to compute eigenfunctions of RKHS operators, we must ensure that all eigenfunctions corresponding to nonzero eigenvalues of empirical RKHS operators can be computed. In particular, we have to be certain that eigenvalues with a higher geometric multiplicity allow to capture a full set of linearly independent basis eigenfunctions in the associated eigenspace.
Lemma 3.7. Let S : H → H with S = ΥBΦ be an empirical RKHS operator. Then it holds:
(i) If w 1 ∈ R m and w 2 ∈ R m are linearly independent eigenvectors of BΦ Υ, then Υw 1 ∈ H and Υw 2 ∈ H are linearly independent eigenfunctions of S.
(ii) If v 1 and v 2 are linearly independent eigenfunctions belonging to the eigenvalue λ = 0 of S, then BΦ v 1 ∈ R m and BΦ v 2 ∈ R m are linearly independent eigenvectors of BΦ Υ.
In particular, if λ = 0, then we have dim ker(BΦ Υ − λI m ) = dim ker(S − λI H ).
Proof. The eigenvalue-eigenfunction correspondence is covered in Proposition 3.4, it therefore remains to check the linear independence in statements (i) and (ii). Part (i) follows from Remark 3.2. We show part (ii) by contradiction: Let v 1 and v 2 be linearly independent eigenfunctions associated with the eigenvalue λ = 0 of S. Then assume for some α = 0 ∈ R, we have BΦ v 1 = αBΦ v 2 . Applying Υ from the left to both sides, we obtain
which contradicts the linear independence of v 1 and v 2 . Therefore, BΦ v 1 and BΦ v 2 have to be linearly independent in R m . From (i) and (ii), we can directly infer dim ker(BΦ Υ−λI m ) = dim ker(S −λI H ) by contradiction: Let λ = 0 be an eigenvalue of S and BΦ Υ. We assume that dim ker(BΦ Υ − λI m ) > dim ker(S − λI H ). This implies that there exist two eigenvectors w 1 , w 2 ∈ R m of BΦ Υ that generate two linearly dependent eigenfunctions Υw 1 , Υw 2 ∈ H , contradicting statement (i). Hence, we must have dim ker(BΦ Υ − λI m ) ≤ dim ker(S − λI H ). Analogously, applying the same logic to statement (ii), we obtain dim ker(BΦ Υ − λI m ) ≥ dim ker(S − λI H ), which concludes the proof.
Corollary 3.8. If S = ΥBΦ is an empirical RKHS operator and λ ∈ R is nonzero, it holds that {Υw | BΦ Υw = λw} = ker(S − λI H ).
The corollary justifies to refer to the eigenvalue problems Sv = λv as primal problem and BΦ Υw = λw as auxiliary problem, respectively.
Singular value decomposition
We have seen that we can compute eigenfunctions corresponding to nonzero eigenvalues of empirical RKHS operators. This can be extended in a straightforward fashion to the singular value decomposition of such operators.
Standard derivation
We apply the eigendecomposition to the self-adjoint operator S * S to obtain the singular value decomposition of S. Proposition 3.9. Let S : H → F with S = ΨBΦ be an empirical RKHS operator, where Φ = [φ(x 1 ), . . . , φ(x m )], Ψ = [ψ(y 1 ), . . . , ψ(y n )], and B ∈ R n×m . Then the SVD of S is given by
where
with the nonzero eigenvalues λ 1 , . . . , λ r ∈ R of the matrix
counted with their multiplicities and corresponding eigenvectors w 1 , . . . , w r ∈ R m .
Proof. Using Proposition 3.3, the operator
is an empirical RKHS operator on H . Naturally, S * S is also positive and self-adjoint. We apply Corollary 3.8 to calculate the normalized eigenfunctions
of S * S by means of the auxiliary problem
for nonzero eigenvalues λ i . We use Lemma 2.2 to establish the connection between the eigenfunctions of S * S and singular functions of S and obtain the desired form for the SVD of S.
Remark 3.10. As described in Remark 3.5, several different auxiliary problems to compute the eigendecomposition of S * S can be derived. As a result, we can reformulate the calculation of the SVD of S for every possible auxiliary problem.
Example 3.11. We define a probability density on R 2 by
and p 2 (x) = Figure 2 (e) and Figure 2 (f). This is due to the decomposability of the probability density p(x, y).
With the aid of the singular value decomposition, we are now, for instance, able to compute low-rank approximations of RKHS operators-e.g., to obtain more compact and smoother representations-or their pseudoinverses. This will be described below. First, however, we show an alternative derivation of the decomposition. Proposition 3.9 gives a numerically computable form of the SVD of the empirical RKHS operator S. Since the auxiliary problem of the eigendecomposition of S * S involves several matrix multiplications, the problem might become ill-conditioned. 
Block-operator formulation
We now employ the relationship described in Corollary 2.7 between the SVD of the empirical RKHS operator S : H → F and the eigendecomposition of the block-operator T : F ⊕H → F ⊕ H , with (f, h) → (Sh, S * f ). z i ] ∈ R n+m the corresponding eigenvectors of the auxiliary matrix 0
Proof. The operator T defined above can be written in block form as 
for the eigendecomposition of T . We again emphasize that the block-operator notation has to be used with caution since F ⊕ H is an external direct sum. We use Corollary 2.7 to obtain the SVD of S from the eigendecomposition of T .
Remark 3.13. In matrix analysis and numerical linear algebra, one often computes the SVD of a matrix A ∈ R n×m through an eigendecomposition of the matrix
. This leads to a symmetric problem, usually simplifying iterative SVD schemes [19] . The auxiliary problem (5), however, is in general not symmetric.
Low-rank approximation and pseudoinverse
With the aid of the SVD it is now also possible to compute low-rank approximations of operators. This well-known result is called Eckart-Young theorem or Eckart-Young-Mirsky theorem, stating that the finite-rank operator given by the truncated SVD
satisfies the optimality property
A − B HS , see [22] for details. Another application is the computation of the pseudoinverse or MoorePenrose inverse of operators, defined as A + : F → H , with
We can thus obtain the solution x ∈ H of the-not necessarily well-posed-inverse problem Ax = y for y ∈ F through the Moore-Penrose pseudoinverse, i.e.,
where A + y in H is the unique minimizer with minimal norm.
Applications
In this section, we describe different operators of the form S = ΨBΦ or S = ΦBΨ , respectively, and potential applications. All of the presented examples are empirical estimates of Hilbert-Schmidt RKHS operators. Therefore, the SVD of the given empirical RKHS operators converges to the SVD of their analytical counterparts. For a review of results concerning the convergence and consistency of the estimators, we refer to [13] . Note that in practice the examples below may bear additional challenges such as ill-posed inverse problems and regularization of compact operators.
Covariance and cross-covariance operator. The covariance operator C XX : H → H and the cross-covariance operator C YX : H → F are defined by
Kernel (cross)-covariance operators can be regarded as generalizations of (cross-)covariance matrices and are often used in the context of mean embeddings [12] . Given training data y 1 ) , . . . , (x n , y n )} drawn i.i.d. from the joint probability distribution P(X, Y ), we can estimate these operators by
Thus, C XX and C YX are empirical RKHS operators with B = 1 n I n , where Ψ = Φ for C XX . Decompositions of these operators are demonstrated in Example 3.6 and Example 3.11, respectively, where we show that we can compute approximations of the Mercer feature space and obtain low-rank approximations of operators.
Conditional mean embedding. The conditional mean embedding operator is an extension of the mean embedding framework to conditional probability densities, see [13] . The conditional mean embedding for P(Y | X) is given by
Note that when the joint distribution P(X, Y ) and hence C XX and C YX are unknown, we can not compute U Y |X directly. However, given training data D XY as above, it can be estimated as U Y |X = ΨG Kernel transfer operators. Transfer operators such as the Perron-Frobenius operator P and Koopman operator K are frequently used for the analysis of the global dynamics of molecular dynamics and fluid dynamics problems but also for model reduction and control [23] . Approximations of these operators in RHKSs are strongly related to the conditional mean embedding framework [15] . The kernel-based variants P k and K k are defined by P k = C Φ , respectively, where G ΦΨ = Φ Ψ is a time-lagged Gram matrix. Examples pertaining to the eigendecomposition of kernel transfer operators associated with molecular dynamics and fluid dynamics problems as well as text and video data can be found in [15, 24] . The eigenfunctions and corresponding eigenvalues of kernel transfer operators contain information about the dominant slow dynamics and their implied time-scales.
Conclusion
We showed that the eigendecomposition and singular value decomposition of empirical RKHS operators can be obtained by solving associated matrix eigenvalue problems. To underline the practical importance and versatility of RKHS operators, we listed potential applications concerning kernel covariance operators, conditional mean embedding operators, and kernel transfer operators. While we provide the general mathematical theory for the spectral decomposition of RKHS operators, the interpretation of the resulting eigenfunctions or singular functions depends strongly on the problem setting. The eigenfunctions of kernel transfer operators, for instance, can be used to compute conformations of molecules, coherent patterns in fluid flows, slowly evolving structures in video data, or topic clusters in text data [15, 24] . Singular value decompositions of transfer operators might be advantageous for non-equilibrium dynamical systems. Furthermore, the decomposition of the aforementioned operators can be employed to compute low-rank approximations or their pseudoinverses, which might open up novel opportunities in statistics and machine learning. Future work includes analyzing connections to classical methods such as kernel PCA, regularizing finite-rank RKHS operators by truncating small singular values, solving RKHS operator regression problems with the aid of the pseudoinverse, and optimizing numerical schemes to compute the operator SVD by applying iterative schemes and symmetrization approaches.
